Selçuk J. Appl. Math.
Vol. 11. No. 2. pp. 27-40, 2010

Selçuk Journal of
Applied Mathematics

A New Application of Modified Diﬀerential Transformation Method
for Modelling the Pollution of a System of Lakes
Mehmet Merdan
Department of Civil Engineering, Engineering Faculty, Gümüşhane University, 29100
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Abstract. In this papers, a new application of modified diﬀerential transformation method (MDTM) is implemented to solve analytically systems of nonlinear
ordinary diﬀerential equations such as modelling the pollution of a system of
lakes. The proposed scheme is based on diﬀerential transformation method
(DTM), Laplace transform and Padé approximants. The results to get the differential transformation method (DTM) are applied Padé approximants. Our
proposed approach showed results to analytical solutions of nonlinear ordinary
diﬀerential equation systems. The results are compared with the results obtained by MATLAB ode23s and the diﬀerential transformation method (DTM)
are applied Padé approximants. At the end, these solutions are illustrated by
tables and figures.
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1. Introduction
Modelling the pollution of a system of lakes is analysed [1] at the study. Figure
1 shows the system of three lakes that are modeled in this study [2] Each lake is
considered to be a large compartment and the interconnecting channel as pipes
between the compartments. The direction of flow in the channels or pipes is
indicated by the arrows in [2]. A pollutant is introduced into the first lake where
 () denotes the rate at which the pollutant enters the lake per unit time. The
function  () may be constant or may vary with time. We are interested in
knowing the levels of pollution in each lake at any time.
The components of the basic three-component model are the amount of the
pollutant in lake 1 at any time  ≥ 0, the amount of the pollutant in lake 2 at
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any time  ≥ 0and the amount of the pollutant in lake 3 at any time  ≥ 0, are
denoted respectively by  ()   ()  and  ()These quantities satisfy
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with the initial conditions:
(0) = 1  (0) = 2  (0) = 3 Throughout this paper, we assume the
following conditions:
Lake 1: 13 = 21 + 31 ,
Lake 2: 21 = 32 ,
Lake 3: 31 + 32 = 13

Figure 1. System of three lakes with interconnecting channels. A
pollutant enters the first lake at the indicated source [4]
The diﬀerential transformation method (DTM) was first suggested by Zhou [5].
The method is well addressed in [6-13]. The diﬀerential transformation method
(DTM) is a numerical method for solving diﬀerential equations systems. This
method obtains an analytical solution in the form of apolynomial. It is diﬀerent
from the classic high order Taylor series method, which entails symbolic computation of the required derivatives of the data functions. Taylor series method is
computationally taken long time for large orders. The diﬀerential transformation method (DTM) is an iterative procedure for constructing analytic Taylor
series solutions of diﬀerential equations.
In addition to the diﬀerential transformation method (DTM) proposed for obtaining exact and approximate analytic solutions for nonlinear problems, many
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diﬀerent new methods have recently presented some techniques to eliminate the
small parameter; for example, the homotopy analysis method [14], and the Adomian’s decomposition method (ADM) [15-17], homotopy perturbation method
[18-41] and variational iteration method[42-44]
The first connection between series solution methods such as an Adomian decomposition method and Padé approximants was connected in [45-46]. The differential transform method is proposed for solving non-linear oscillatory systems[4748].
In this paper, the diﬀerential transformation method (DTM) and Padé approximants [49-50] and variational iteration method [51] and homotopy perturbation
method [52] used to solve of modelling the pollution of a system of lakes (1).
The numerical solutions are compared with the available exact and by MATLAB
ode23s.
2 Padé Approximaton
Suppose that we are given a power series
 (), so that
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A Padé approximant is a rational fraction
∙
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which has a Maclaurin expansion which agrees with (2) as far as possible. Notice
that in (3) there are  + 1 numerator coeﬃcients and  + 1 denominator
coeﬃcients. The polynomials in (3) are constructed so that  () and [ ]
agree at  = 0 and their derivatives up to  +  agree at  = 0. In the case
0 () = 1, the approximation is just the Maclaurin expansion for  (). For
a fixed value of  +  the error is smallest when  () and  () the same
degree have or when  () has degree one higher then ().
Notice that the constant coeﬃcient of  is 0 = 1. This is permissible, because
it notice be 0 and [ ] is not changed when both  () and  () are divided
by the same constant. Hence the rational function [ ] has + +1 unknown
coeﬃcients. This number suggests that normally the [ ] should fit the power
series (2) through the orders 1  2   + in the notation of formal power
series,
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Multiply the both side of (4) by the denominator of right side in (4) and compare
the coeﬃcients of both sides in (4). We have

(5)
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Solve the linear equation in (6), we have  ( = 1  ). And substitute  into
(5), we have  ( = 0   ). Therefore,
we have constructed a [ ] Padé
P∞
approximant, which agrees with =0   through order + . If  ≤  ≤
 + 2, where  and  are the degree of numerator and denominator in Padé
series, respectively, then Padé series gives an A-stable formula for an ordinary
diﬀerential equation[53-54].
3. Diﬀerential Transformation Method
To illustrate the diﬀerential transformation method (DTM) for solving diﬀerential equations systems, the basic definitions of diﬀerential transformation are
introduced as follows.
Diﬀerential transform of fonction ()is defined

(7)
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In Eq.(7), () is original function and  () is transformed function, which is
called the T-function. Diﬀerential inverse transform of  () is described as
(8)

 () =

From Eqs. (7) and (8), we get
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Eq. (10) implies that the concept of diﬀerential transform is derived from Taylor
series expansion, but the method does not evaluate the derivatives symbolically.
In principal applications, the function ()is shown by a finite series and Eq.
(8) can be written as
(10)
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Eq. (10) implies that ∞
=+1   () is negligibly small. From the definitions
(7) and (9), it is easy to obtain the following mathematical operations:

Tablo 1. The fundamental operations of diﬀerential transform method
4. Applications
In this section, we shall study a system of lakes, by taking the diﬀerential
transform of Eq.(1), with respect to time t, gives
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where  ∗ ()   ∗ () and  ∗ () are the diﬀerential transformations of the
corresponding functions  ()   () and  () respectively, where the initial conditions are given by  (0) = 0  (0) = 0 and  (0) = 0. The parameter values
for this model have been fixed to 1 = 2900 mi3  2 = 850 mi3  1 = 1180 mi3 
21 = 18 mi3 year 32 = 18 mi3 year, 31 = 20 mi3 year, 13 = 38 mi3 year.
The diﬀerence equations presented in Eq.(11) describe a odelling the pollution
of a system of lakes, from a process of inverse diﬀerential transformation, it can
be shown that the solutions of take  + 1 terms for the power series like Eq.
(10), i.e.
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The 7-term DTM series solutions to modelling the pollution of a system of lakes
(1) are given by
() = 100 −
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In this section, we apply Laplace transformation to (13), which yields
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For simplicity, let  = 1 ; then
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Padé approximant [43]of (15) and substituting  = 1 , we obtain [44] in terms
of s. By using the inverse Laplace transformation, we obtain
9669t
1000
1764305000 − 290870
() = 1764305000
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1433151 + 17 − 1433151 
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9669t
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+
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µ √
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These results obtained by diﬀerential transformation method, 7- terms approximations for  ()   () and  ()are calculated and presented follow.
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Table 2. Diﬀerent approximate solutions and absolute errors for lake 1
As seen in Table 2, the approximate solution by using DTM method is too close
to the Matlab Ode23s solution.

Table 3. Diﬀerent approximate solutions and absolute errors for lake 2
As seen in Table 3, we see that MDTM with Ode23s, the diﬀerence between the
approach to the solutions obtained are very small.
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Table 4. Diﬀerent approximate solutions and absolute errors for lake 3
As seen in Table 4, we see that MDTM with Ode23s, the diﬀerence between the
approach to the solutions obtained are very small.

Figure 2. The comparison of the results of () via the two
methods for a system of lakes (1)
Figure 2 indicates that the diﬀerences among the ode23s with MDTM and the
obtained results converge to the ode23s solution and the errors are reduced
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Figure 3. The comparison of the results of () via the two
methods for a system of lakes (1)
Figure 3 indicates that the diﬀerences among the ode23s with MDTM. Ode23s
solution is obtained from the solution of MDTM is a good convergence and the
error close to zero.

Figure 4. The comparison of the results of () via the two
methods for a system of lakes (1)
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Ode23s solution is obtained from the solution of MDTM is a good convergence
and the error close to zero. As the plots state the amount of the pollutant in
lake 1, lake 2 and lake 3 increase.
5. Conclusions
In this paper, the modified difeerential transformation method was used for
finding the solutions of nonlinear ordinary diﬀerential equation systems such as
modelling the pollution of a system of lakes. The obtained solutions are shown
graphically. we have presented an after treatment technique for the diﬀerential transformation method. Because the Pade´ approximant usually improves
greatly the Maclaurin series in the convergence region and the convergence rate,
the at leads to a better analytic approximate solution from variational iteration
method truncated series We demonstrated the accuracy and eﬃciency of these
methods by solving some ordinary diﬀerential equation systems. We use Laplace
transformation and Padé approximant to obtain an analytic solution and to improve the accuracy of diﬀerential transformation method. The reliability of the
method and reduction in the size of computational domain give this method a
wider applicability. It is observed that The results to get the diﬀerential transformation method (DTM) applied Padé approximants is an eﬀective and reliable
tool for the solution of the nonlinear ordinary diﬀerential equation systems considered in the present paper. All the examples show that the results of the
present method are in excellent consistency with those obtained by MATLAB
ode23s and the modified difeerential transformation method.
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